For a Riemannian manifold M , we determine some curvature properties of a tangent bundle equipped with the rescaled metric. The main aim of this paper is to give explicit formulae for the rescaled metric on T M , and investigate the geodesics on the tangent bundle with respect to the rescaled Sasaki metric.
Introduction
Tangent boundles of differentiable manifolds are of great importance in many areas of mathematics and physics. Geometry of the tangent bundle T M of a Riemannian manifold (M, g) with the metricḡ defined by Sasaki in [1] had been studied by many authors. Its construction is based on a natural splitting of the tangent bundle T T M of T M into its vertical and horizontal subbundles by means of the Levi-Civita connection ∇ on (M, g). The Levi-Civita connection∇ of the Sasaki metric on T M and its Riemannian curvature tensorR were calculated by Kowalski in [2] . With this in hand, the authors derived interesting connections between the geometric properties of (M, g) and (T M,ĝ) in [2] and [3] . In [3] , the authors proved that the Sasaki metric on T M is rather rigid under the scalar curvature of (T M,ḡ) is constant.
Another metric nicely fitted to the tangent bundle is the so-called Cheeger-Gromoll metric in [4] . This can be used to obtain a natural metricg on the tangent bundle T M of a given Riemannian manifold (M, g). It was expressed more explicitly by Musso and Tricerri in [3] . In [5] , Sekizawa calculated the Levi-Civita connection∇ and the curvature tensorR of the tangent bundle (T M,g) equipped with the Cheeger-Gromoll metric. Gudmundsson and Kappos derived correct relations between the geometric properties of (M, g) and (T M,g) in [6] . In [7] , Explicit formulae for the Cheeger-Gromoll metric on T M was given. The motivation of this paper is to study the geometry of tangent bundles with the rescaled Sasaki and Cheeger-Gromoll metrics.
This paper is organized as follows: In Section 2, for a Riemannian manifold (M, g), we introduce a natural class of rescaled metrics. In Section 3, we calculate its Levi-Civita connection, its Riemann curvature tensor associated to the rescaled Sasaki metric. In Section 4, we investigate geodesics on the tangent bundle with respect to the rescaled Sasaki metric. The main purpose of Section 5 is to obtain some interesting connections between the geometric properties of the manifold (M, g) and its tangent bundle equipped with the rescaled Cheeger-Gromoll metric.
Natural Metrics
In this section we introduce a natural class of rescaled metrics on the tangent bundle T M of a given Riemannian manifold (M, g). This class contains both the rescaled Sasaki and rescaled Cheeger-Gromoll metrics studied later on.
Throughout this paper we shall assume that M is a smooth m−dimensional manifold with maximal atlas A = {(U α , x α )|α ∈ I}. For a point p ∈ M , let T p M denote the tangent space of M at p. For local coordinates (U, x) on M and p ∈ U we define (
where {e k |k = 1, . . . , m} is the standard basis of R m . Then {(
As a direct consequence of the Theorem 2.1 in [7] we see that the bundle map π : T M → M is smooth. For each point p ∈ M the fiber π −1 (p) is the tangent space T p M of M at p and hence an m−dimensional vector space. For local coordinates (U, x) ∈ A we definex :
The restrictionx p =x| TpM : T p M → {p} × R m to the tangent space T p M is given bȳ
so it is obviously a vector space isomorphism. This implies thatx :
is a bundle atlas transforming (T M, M, π) into an m−dimensional topological vector bundle. Since the manifold (M, A) is smooth the vector bundle (T M, M, π) together with the maximal bundle atlasB induced by B is a smooth vector bundle.
A Riemannian rescaled metricḡ f on the tangent bundle T M is said to be natural with respect to g on M if
A rescaled natural metricḡ f is constructed in such a way that the vertical and horizontal subbundles are orthogonal and the bundle map π : 
Proof. We shall repeatedly make use of the Kozul formula for the Levi-Civita connection ∇ f stating that
for all vector fields X, Y, Z ∈ C ∞ (T M ) and i, j, k ∈ {h, v}. i) The result is a direct consequence of the following calculations using Definition 2.1 and Proposition 5.1 in [7] ,
ii) The statement is obtained as follows.
iii) and v) are analogous to ii). iv) Again using Definition 2.1 and Proposition 5.1 in [7] we yield 2ḡ
vi) and vii) are analogous to iv).
viii) The statement is a direct consequence of the fact that the Lie bracket of two vertical vector fields vanishes. 
Proof. By proposition 3.5 in [7] , each tangent vector Z ∈ T (p,u) T M can be decomposed as
. Using i) and ii) of Lemma 2.2, we havē
) be a Riemannian manifold and F : T M → T M be a smooth bundle endomorphism of the tangent bundle T M . Then we define the vertical and horizontal lifts
F v : T M → T T M , F h : T M → T T M of F by F v (η) = m i=1 η i F (∂ i ) v and F h (η) = m i=1 η i F (∂ i ) h , (2.21) where m i=1 η i ∂ i ∈ π −1 (V ) is a local representation of η ∈ C ∞ (T M ).
Lemma 2.5. Let (M, g) be a Riemannian manifold and the tangent bundle T M be equipped with a rescaled metricḡ f which is natural with respect to g on M . If F : T M → T M is a smooth bundle endomorphism of the tangent bundle, then
Proof. Let (x 1 , · · · , x m ) be local coordinates on M in a neighborhood V of p. Then, using the abbreviation
Similarly we have
For the last two equations of the lemma we use a differentiable curve γ :
This proves parts iii) and iv).
The Rescaled Sasaki Metric
This section is devoted to the Sasaki metricĝ on the tangent bundle T M introduced by Sasaki in the famous paper [1] . We calculate its Levi-Civita connection∇ f , its Riemann curvature tensor and obtain some interesting connections between the geometric properties of the manifold (M, g) and its tangent bundle (T M,ĝ f ) equipped with the rescaled Sasaki metric.
The rescaled Sasaki metric is obviously contained in the class of rescaled g−natural metrics. It is constructed in such a manner that inner products are respected not only by lifting vectors horizontally but vertically as well. 
Proof. i) The statement is a direct consequence of Corollary 2.3. ii) By applying Lemma 2.2 we obtain the following for the horizontal part
As for the vertical part note that
iii) For the horizontal part we get calculations similar to those above
The rest follows by
iv) Using Lemma 2.2 again we yield
and
This completes the proof.
We shall now turn our attention to the Riemann Curvature tensorR f of the tangent bundle T M equipped with the rescaled Sasaki metricĝ f . For this we need the following useful Lemma. 
14)
Proof. By applying i) of Lemma 2.5 and iv) of Proposition 3.2 we obtain the following
By applying ii) of Lemma 2.5 and iii) of Proposition 3.2, we get 
Proof. i) The result follows immediately from Proposition 3.2.
ii) Let F : T M → T M be the bundle endomorphism given by
Applying Proposition 3.2 and Lemma 3.3 we havê
This implies thatR
iii) Using ii) and 1 st Bianchi identity we get
T M → T M be the bundle endomorphisms given by
we get
from which the result follows. vi) By i) of Proposition 3.2 and direct calculation we get
We shall now compare the geometries of the manifold (M, g) and its tangent bundle T M equipped with the rescaled Sasaki metricĝ f .
Theorem 3.5. Let (M, g) be a Riemannian manifold and T M be its tangent bundle with the rescaled Sasaki metricĝ f . Then T M is flat if and only if M is flat and f = C(constant).
Proof. Applying proposition 3.4 and
If we assume thatR f ≡ 0 and calculate the Riemann curvature tensor for three horizontal vector fields at (p, 0) we havê
then R = 0 and f = C(constant).
Corollary 3.6. Let (M, g) be a Riemannian manifold and T M be its tangent bundle with the rescaled Sasaki metricĝ
For the sectional curvatures of the tangent bundle we have the following. 
where
Proof. i) It follows directly from Proposition 3.4 that the sectional curvature for a plane spanned by two vertical vectors vanishes. ii) Applying part ii) of proposition 3.4 we get
iii) It follows immediately from proposition 3.4 that Proof. The statement follows directly from Proposition 3.7.
Proposition 3.9. Let (M, g) be a Riemannian manifold and equip the tangent bundle (T M,ĝ f ) with the rescaled Sasaki metricĝ f . Let (p, u) ∈ T M and X, Y ∈ T p M be two orthonormal tangent vectors at p. Let S denote the scalar curvature of g andŜ f denote the scalar curvature ofĝ f . Then the following equation holdsŜ
Proof. For a local orthonormal frame
In order to simplify this last expression we put u =
This completes the proof. 
Proof. The statement follows directly from Proposition 3.9.
Geodesics of The Rescaled Sasaki Metric
Let M be a Riemannian manifold with metric g. We denote by ℑ p q (M ) the set of all tensor fields of type (p, q) on M . Manifolds, tensor fields and connections are always assumed to be differentiable and of class C ∞ . Let T (M ) be a tangent bundle bundle of M , and π the projection π : T (M ) → M . Let the manifold M be covered by system of coordinate neighbourhoods (U, x i ), where (x i ), i = 1, · · · , n is a local coordinate system defined in the neighbourhood U . Let y i be the Cartesian coordinates in each tangent spaces T p (M ) and P ∈ M with respect to the natural base ∂ ∂x i , P being an arbitrary point in U whose coordinates are x i . Then we can introduce local coordinates (
The indices i, j, · · · run from 1 to 2n.
LetĈ be a curve on T (M n ) and locally expressed by x = x(σ), with respect to induced coordinates
The curveĈ is said to be a lift of the curve C and denoted by C h = (x(σ), x ′ (σ)). The tangent vector field ofĈ defined by T = (
If the curveĈ is a geodesic, we get Proof. By applying Proposition 3.2 we havê
For the curve C is a geodesic on M n , with respect to the adapted frame and taking account of∇
Applying part iv) of proposition 3.4 and
df (x(t)) dt = 0, so we get f = c(constant) in any geodesics on M .
Corollary 4.2. If (x(t), y(t)) is geodesic and |y(t)|
Proof. By applying (a) of equation (4.2) we have
Then we get ∇ x ′ y, y = 0 and ∇ x ′ y = 0, from which the result follows. Proof. By applying (a) of equation (4.2) we have
Using X ′ (0) ∦X ′ (0) we get gradf (x 0 ) = 0, then we obtain f = c(constant).
The submersion geodesic C is said to be the image under π of the geodesicĈ on T M . Let C = π •Ĉ be a submersion geodesic on M , then∇ f T T = 0. Using this condition we have Theorem 4.4. Let M be a flat manifold, the submersion geodesic is always geodesics on M , then f = c(constant).
The Rescaled Cheeger-Gromoll Metric
In [4] , Cheeger and Gromoll studied complete manifolds of nonnegative curvature and suggest a construction of Riemannian metrics useful in that context. This can be used to obtain a natural metricg f on the tangent bundle T M of a given Riemannian manifold (M, g).
For a vector field u ∈ C ∞ (T M ) we shall by U denote its canonical vertical vector field on T M which in local coordinates is given by 
